Abstract-Matrix method for phased array calibration is an excitation reconstruction method by solving the linear equations based on the linear relationship between the measured near-field data and element excitations. In this paper, we propose a modified matrix method, in which the phased array model is simplified, to measure the element excitations of planar phased array. Our method reduces measurement time greatly at the cost of introducing some calibration errors. The introduced calibration errors can be minimized with the array excitation strategy proposed in this paper. Experimental results validate the effectiveness of our methods in calibrating planar phased arrays.
INTRODUCTION
PHASED array calibration, which is an important procedure of phased array engineering, ensures good performance of the array. The evaluation of the excitation of each radiating element is a fundamental part for calibrating phased array. Many calibration methods [1] [2] [3] [4] [5] [6] [7] need to use the phase shifters of a phased array, which causes that the phase shifters' performances influence the effectiveness of the methods greatly. To get rid of the restriction, the near-field measurement system is occupied in some calibration methods without the usage of phase shifters. Backward transformation method (BTM) and matrix method (MM) are the two major near-field calibration methods.
The BTM [8, 9] is also called microwave holographic metrology (MHM) [10] . It calculates the aperture field in front of the array with the measured planar near-field data based on the plane wave spectrum theory. The amplitude and phase of the aperture field in front of a radiating element are regarded as the excitation of the element. BTM has much lower calibration accuracy than MM because of the measured field truncation error, ignorance of evanescent plane waves and excitation extraction strategy.
The MM evaluates the element excitations by inverting the linear system relating the excitations to the measured data [11] [12] [13] [14] . The linear system is represented with a set of linear equations. Let us consider ( Fig. 1 ) a planar array consisting of N (N is the number of the array) radiating elements. A probe having effective height h(θ, φ) is placed in M (M is the number of measurement positions, M ≥ N ) spatial points to measure the array near-field. The voltage at the probe output is expressed by the linear system Ac = v
where c = (c 1 , c 2 , . . . , c N ) ∈ C N . c n is the excitation of the n-th element, n = 1, 2, . . . , N. number. f n (θ, φ) is the electric-field radiation pattern of the n-th radiating element. θ m,n and φ m,n are the relative vertical and horizontal angles between the m-th measurement point and n-th element position in a reference system centered on the n-th array radiating element. θ m,n and φ m,n are the relative vertical and horizontal angles between the n-th element position and m-th measurement point in a reference system centered on the m-th measurement point.
Solving linear equation (1) is evaluating the element excitations. The MM is suitable for both planar and conformal arrays [13] . However, the field at each measurement point radiated by each element is pre-measured to build matrix A, which is quite cumbersome especially for a large array.
In the case of a planar phased array, the MM is modified to reduce measurements and avoid the matrix ill-condition problem in this paper. The calibration errors of the MM are found to be related to the array excitation. Thus, the calibration errors can be reduced with a proper array excitation.
MODIFIED MATRIX METHOD
The n-th column of A, the mutual couplings between measurement probe placed at the measurement points and the n-th element, is associated with f n (θ, φ). For simplification, the radiation of each element is assumed to be an identical one, f (θ m,n , φ m,n ), in the coordinate system centered on the element. For a planar phased array, the relative angles are correlated as in Eq. (2) . In this case, the coefficient matrix A in Eq. (1) is modified to beÃ. The (m, n)-th element ofÃ is as in Eq. (3).
Since the array under calibration is planar and the measurement plane also planar, matrixÃ is determined by the relative angles between the measurement points and antenna positions. The measurement points are uniformly arranged and the relative positions of some measurement points are the same as the relative positions of all the antenna elements. This strategy of picking measurement points makesÃ diagonally-dominant because the field attenuates from center to edge of the measurement plane. Besides, the number of measurements is greatly reduced compared with the traditional matrix method. As shown in Fig. 2 , the number of measurements with our method is a linear function of the array size, and that of the tradition method is a 2nd order polynomial function of the array size. When the array size is large, our method needs much less calibration time.
Take a four-element one-dimensional uniform array for example as in Fig. 3 , the measurement points are also arranged one-dimensionally. a i is the coupling coefficient between an antenna element and the measurement probe in a measurement position, which is shown with a dotted arrow in Fig. 3 . i is an integer indicating the relative position of the measurement probe and the antenna element. The matrixÃ in this example is similar to Toeplitz matrix as in Eq. (4), which means that the elements in the same diagonal ofÃ are identical. If the antenna elements are not arranged uniformly,Ã is a submatrix formed with some columns of a diagonally-dominant Toeplitz matrix. Due to these properties, The matrixÃ in our modified MM usually has a relatively small condition number. As in Eq. (5), the linear system for calibration will not be ill-conditional.
is the calculated array excitation with our modified MM. The difference between c in Eq. (1) and c in Eq. (5) is the calibration error caused by the simplification, which is defined as in Eq. (6) . c is the true array excitation, and it is also the calculated vector with the traditional MM method without any errors. Based on Eqs. (1) and (5), the calibration errors are evaluated as in Eq. (7).Ã + is the Moore-Penrose pseudo-inverse ofÃ.
Δc =c − c
Δc
Δc is largely related to c. To study the effect of the true array excitation c on the calibration errors Δc, singular value decomposition is applied to the matrixÃ + (A −Ã) during the norm evaluation of Δc 
Given the true array excitation, the calibration accuracy is evaluated as in Eq. (9). The best calibration accuracy is realized when the true array excitation satisfies Equation (10a). The worst calibration accuracy happens when the true array excitation satisfies Equation (10b). As a result, the best array excitation during calibration is the last column of matrix V H because V is a unitary matrix.
V c best = (0, 0, . . . , 1)
According to the above analysis, the determination of the best array excitation is based on knowing A, which has been modified to beÃ in the proposed method. As an alternative, the simulated data can be used to do this. With the simulation model of the array and measurement probe, the simulated active antenna element near-fields are obtained. Thus, a wanted array excitation used to realize calibration accuracy as high as possible is calculated.
Even we know that the true array excitation has effect on calibration accuracy, we cannot implement the wanted actual array excitation because there is excitation error which needs to be calibrated exactly. Thus, the iterative calibration method is used. Two or three more array near-fields are measured. For example, after the first array near-field measurement procedure, we calculate the excitation error and excite the array uniformly taking the error into account. Then, we measure the array near-field again and calculate the excitation error again. If the difference between the last calculated excitation error and the last but one calculated excitation error is less than a threshold such as 10%, the average error of them is considered as the array excitation error under uniform array excitation, and this calibration procedure stops. Otherwise, we excite the array uniformly again, measure the array near-field again, calculate the excitation error again and estimate the convergence again. Iterative calibration method can also be implemented under other array excitations. In the practical engineering, we can calibrate a phased array under several array excitations and pick the best one.
EXPERIMENT
In this section, an eight-element L-band microstrip antenna array is constructed for measurement. The NSI near-field measurement system is used. Fig. 4 shows photos of the experiment system and the power divider and phase shifters used. The proposed experiment system comprises: 1) a wooden support which has little effect on the antenna performance; 2) an eight-way Wilkinson power divider; 3) coaxial cables with different lengths to implement the four phase delays of ' • ', '90 • ', '180 • ' and '270 • ' at 2-GHz; 4) an eight-element microstrip antenna array at the resonant frequency of 2-GHz with 75 mm element spacing; 5) open-ended waveguide as the measurement probe. During the experimental study, the sinusoidal signal of 2 GHz generated by the vector network analyzer is equally divided into eight parts by the Wilkinson power divider. Different phase delays of the eight-way signals are realized with the coaxial cables shown in Fig. 4(c) . The delayed eight-way signals are radiated by the eight-element microstrip antenna array. The output signal of the open-ended waveguide is measured by the vector network analyzer. The details of the experimental procedure are shown as follows.
1) The simulation model of the experiment system is constructed to calculate the near-fields of antenna elements. With the simulated near-fields, the best and worst array excitations for this calibration experiment are calculated. They are amplitude-uniform because only an eight-way Wilkinson power divider is used to control array excitation amplitude. The phase of each element excitation is one of the four phase delays of '0 • ', '90 • ', '180 • ' and '270 • '. Three array excitation cases are listed in Table 1 . Case 1 is the best. Cast 2 is the worst. Case 3 is that the array excitation is equiphase. This step is implemented before the near-field measurement system is occupied.
2) The near-field of the fourth element of the array, whose elements are numbered from left to right, in Fig. 4(a) is measured. As the array is one-dimensional, only the near-field on a line is necessary. The line is 500 millimeters away from the array and 6 meters long. The array is parallel to the line. The measurement point spacing is 75 millimeters, which is also the antenna element spacing. Then, three near-fields of the array when the array excitation phase is the three cases in Table 1 are also measured. When the antenna element near-field is being measured, the other elements are matched.
3) The coefficient matrixÃ in Eq. (5) is created with the measured element near-field. It is wellconditioned with a condition number of 1.465. Three array excitations are calculated for the three cases with our modified MM. Calibration errors are the differences between the calculated array excitations and true array excitations, which are amplitude-uniform and the phases in Table 1 .
Calibration errors for the three cases are shown in Fig. 5 . The average amplitude and phase error in Case 1 are 0.0807 dB and 3.6435 degrees, respectively. The average amplitude and phase error in Case 2 are 0.1116 dB and 6.9651 degrees, respectively. The average amplitude and phase error in Case 3 are 0.1770 dB and 5.0187 degrees, respectively. Case 1 has the minimum calibration errors in both amplitude and phase as predicted. Case 3 has larger amplitude errors and smaller phase errors than Case 2. Thus, it is necessary to calculate the calibration accuracy Δc 2 / c 2 as in Eq. (9) . The calibration accuracy results are listed in Table 2 . Case 1 has the highest accuracy, and Case 2 has the lowest one as predicted. The experimental results validate the effectiveness of our modified MM for planar phased array calibration and the influence of the array excitation on the calibration accuracy.
CONCLUSION
This paper proposes a modified MM for planar phased array calibration with a planar near-field measurement system. Compared with the traditional MM, our method has much lower complexities of measurements and data processing especially for large scale arrays. However, for conformal phased array calibration, the traditional MM is better. How the array excitation influences the calibration accuracy of MM is first analyzed in this paper. According to the analysis, the calibration accuracy can be improved with the array excitation optimization. Experimental results validate the modified MM and the effect of array excitation on calibration accuracy.
